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, Abstract. In this paper we study useful estimates, in particular L^'-estimates, for fully coupled forward- 

^i, ' backward stochastic differential equations (FBSDEs) with jumps. These estimates are proved at one hand 

i^H , for fully coupled FBSDEs with jumps under the monotonicity assumption for arbitrary time intervals and 

' on the other hand for such equations on small time intervals. Moreover, the well-posedness of this kind of 

equation is studied and regularity results are obtained. 
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' 1 Introduction 

• , General nonlinear backward stochastic differential equations (BSDEs, for short) driven by a Brownian motion 

' were introduced and studied by Pardoux, Peng in [TU]. Since that pioneering paper from 1990, the theory 

of BSDEs has been intensively studied by a lot of researchers attracted by its various applications, namely 
in stochastic control (see Peng [13]), finance (see El Karoui, Peng and Quenez pj), and the theory of partial 
differential equations (PDEs, for short) (see Pardoux, Peng [TT], Peng [14], etc). 

The study of BSDEs has led also to generalizations, among them BSDEs driven by both a Brownian 
motion and an independent Poisson random measure (first studied by Tang and Li |16p but also fully 
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^ I coupled forward-backward stochastic differential equations (FBSDEs) governed by a Brownian motion and 

" " such FBSDEs governed by both a Brownian motion and Poisson random measure. 

As concerns the fully coupled FBSDEs driven by a Brownina motion, they were intensively studied under 
different assumptions by different authors. While Ma and Yong [8] developed under the assumption of strict 
ellipticity of the diffusion coefficient of the forward equation the so-called 4-step scheme for FBSDE, Hu and 
Peng [1], Peng and Wu [TSl studied FBSDEs under the so-called monotonicity assumption, while Pardoux 
and Tang [12] used a different condition. All these three conditions are of different type and not really 
comparable. In recent works Ma, Wu, Zhang and Zhang [9] have studied fully coupled FBSDE which involve 
these three types of conditions. 

Fully coupled FBSDEs driven by both a Brownian motion and a Poisson random measure were studied 
by Wu [17], [H] under the monotonicity condition. For this he extended the arguments of [4], [15] to the 
case with jumps. While in [T7] he obtained the existence and the uniqueness for such fully coupled FBSDEs 
with jumps, in Wu [18 1 he proved the existence and the uniqueness of the solution as well as a comparison 
theorem for fully coupled FBSDEs with jumps over a stochastic interval. 



*The work has been supported by the NSF of P.R.China (No. 11071144, 11171187, 11222110), Shandong Province (No. 
BS2011SF010, JQ201202), SRF for ROCS (SEM), supported by Program for New Century Excellent Talents in University 
(NCET, 2012), 111 Project (No. B12023). 
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The main objective of our paper is to study useful estimates, in particular estimates for fully coupled 
FBSDEs with jumps which are not the same as estimates for fully coupled FBSDEs driven only by a 
Brownian motion, refer to Proposition 3.2, Remark 3.4, and Theorem 3.4. These estimates, particularly 
challenging for the case of fully coupled FBSDEs with jumps, have been already well studied for fully 
coupled FBSDEs driven only by a Brownian motion. We refer the reader, in particular, to the paper [5] 
by Delarue. His results and estimates for fully coupled FBSDEs driven only by a Brownian motion over a 
sufficiently small time interval were extended by Li and Wei [B] to controlled fully coupled FBSDEs in the 
frame of their study of an optimal stochastic control problem with coupling between the controlled forward 
and the controlled backward equation, while, in particular, the diffusion coefficient of the forward equation 
a depends on z. In the frame of their studies they proved some new L^'-estimates for fully coupled FBSDEs 
on small time interval which were crucially used for the link between the stochastic control problem and the 
associated system of PDEs formed by a quasi-linear Hamilton- Jacobi-Bellman (HJB, for short) equation and 
an algebraic equation. 

Inspired by the control problems studied by [1] , [5] and [6] , Li, Wei [7] have investigated recently stochastic 
differential games defined through fully coupled FBSDEs with jumps. These studies have required specific 
types of non-trivial L^-estimates for fully coupled FBSDE with jumps, which have also their own interest. 
They extend former results for coupled FBSDEs without jumps and are based on rather technical proofs. 

In this paper, we first study L^-estimates fProposition l3.1|) and L^'-estimates (Proposition 13.21) for fully 
coupled FBSDEs with jumps under the monotonicity condition. In our proofs we use a new method, in 
particular in the proof of Proposition 13.21 the estimates (I3.11|) and (I3.15P concerning the jump martingale 
part turn out to be crucial for other estimates in this work. 

In the second part of our paper, assuming the Lipschitz coefficients with respect to z and k of the diffusion 
coefficient and the coefficient in the jump integral to be sufficiently small, we first prove the existence and 
uniqueness (Theorem 13. 2p of the solution of fully coupled FBSDEs with jumps on a small time interval and 
also a generalized Comparison Theorem (Theorem l3.3|) . Then we derive the L^-estimates (Theorem [33]) for 
fully coupled FBSDEs with jumps on the small time interval. This second part provides estimates which 
turn out to be crucial in the study of stochastic differential games and for the study of the existence of the 
viscosity solution for the associated second order integral-partial differential equation of Isaacs' type over 
an arbitrary time interval, combined with an algebraic equation; see 0. Of course, the results of our paper 
can be also applied to the study of other problems, as for instance, the optimal control problems and the 
stochastic maximum principle of fully coupled FBSDEs with jumps. 

This paper is organized as follows: In Section 2 we recall some preliminaries for fully coupled FBSDEs 
with jumps, which will be used later. In Section 3, on one hand, we prove some basic estimates for fully 
coupled FBSDEs with jumps under monotonicity condition, on the other hand, assuming the Lipschitz 
coefficients of cr, h with respect to z, fc to be sufficiently small, we establish the well-posedness result and 
a generalized Comparison Theorem for fully coupled FBSDEs with jumps on a small time interval. The 
associated L^'-estimates [p > 2) are then derived. 

2 Preliminaries 

Let (O, J^, {J-t\t>(i, P) be a complete probability space, where F — {Ft}t>o is a natural filtration generated 
by the following two mutually independent processes, and completed by all P-nuU sets: 

(i) a c?-dimensional standard Brownian motion {-Bt}t>o; 

(ii) a Poisson random measure n on M"*" x _E, where E = R'\{0} is equipped with its Borel cr-field B{E), 
with the compensator fi{dt, de) = dtX{de) such that {/i((0, t]x A) = {fi — fi){{0, t] x A)}t>o being a martingale 
for all A e B{E) satisfying X{A) < oo. Here A is assumed to be a cr-finite Levy measure on {E,B{E)) with 
the property that J^{1 A |ep)A(de) < oo. 

For any n > 1, \z\ denotes the Euclidean norm of z £ M". Fix T > 0, and [0,r] is called the time 
duration. Now we give some spaces of processes which will be used later: 

• M'^{t,T;R'^) (ip\(p ■.nx[t,T]^ is an F-predictable process : || (p |p= E[J^ \(Ps\'^ds] < -l-oo|; 
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• S'^{t,T;R) := \ ijj : n X [t,T] -j- M is an F-adapted cadlag process : E[ sup < +00 1; 

t<s<T ^ 

• IClit, T; R"") := \ K : n X [t, T]xE^WisV(g> B{E) - measurable : 

II K r=EUf S^\KM\'X{de)ds] < +00}, 

where t e [0, T]. Here V denotes the tr-field of F-predictable subsets of f2 x [0, T]. 
2.1 Fully coupled FBSDEs with jumps 

Now we consider the following fully coupled FBSDE with jumps associated with (b, a, h, /, (, $) on the time 
interval [t,T] {t e [0,T]): 

dXs = b{s,Xs,Ys,Zs,Ks)ds + a{s,Xs,Ys,Zs,Ks)dBs + J^h{s,Xs-,Ys-,Zs,Ks{e),e)fi{dsde), 
dVs = -f{s,Xs,Ys,Z,J^K,{e)l{e)X{de))ds + ZsdBs + J^K,{e)il{dsde), s€[t,T], 
' Xt = c, 
Yt = $(Xt), 

(2.1) 

where the solution {X,Y, Z,K) takes its values in K" x K™ x M"^'' x K™, and the coefficients 

h:VLx[Q,T\xW xW^ X R™^'' x L^{E, B{E), A; R™) — > M", 
cr : X [0, T] x M" X X M™^'' x L'^{E, B{E), A; M") — > W"^, 
ft : f2 X [0, T] x R" x M™ X K"><'' x R" x £; — y R", 
f -.nx [0, T] X M" X R™ X R™^'' X R™ — > R™, 

I: E — > M and $ : X R" — ^ satisfy 

(H2.1) (i) 6, cr, / are uniformly Lipschitz with respect to {x,y,z,k), and there exists p : E ^ R"*" with 
jj^p^{e)X{de) < +00 such that, for any t e [0,T], x, 5 e R", y,y e R", z,z e R"^"^, k,keW" and 
e G i;, 

|ft(i, x, y, z, fc, e) — h{t, x. y, z. k,e)\ < p{e){\x ~ x\ + \y — y \ + \z — z\) + C\k — k\; 

(ii) k f(t,x,y,z,k) is non-dccrcasing, for all {t,x,y,z) G [Q,T] x R" x R™ x R™>"^; 

(iii) there exists a constant C > such that 

< /(e) < C(l A |e|), x G R", e e E; 

(iv) $(a;) is uniformly Lipschitz with respect to x G R"; 

(v) for every {x,y,z,k) G R" x R™ x R'"^^'' x R™, $(x) G L^{n,J^T, P;R"'), b, a, h, f are F- 
progressively measurable and 

E \b{s, 0, 0, 0, 0)|2ds + E \f{s, 0, 0, 0, 0)\^ds + E \a{s, 0, 0, 0, 0) pds 



+E Jj^\h{s, 0,0, 0,0, e)\'^X{de)ds < 00. 



Let 



g{s, X, y, z, k) := f{s, x, y, z, / k{e)l{e)X{de)), 

Je 

{s, X, y, z, k) G [0, T] X R" X R"* x R™^** x L'^{E, B{E),X; R). 



In this paper we use the usual inner product and the Euclidean norm in M", R™ and R"*^"^, respectively. 
Given an m x n full-rank matrix G, we define: 

X \ ( ~G^g 

y , A{t,Tr,k) = \ Gb \ {t,Tr,k), 



Ga 



where G^ is the transposed matrix of G. 

We assume the following monotonicity conditions: 
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m2 2^ (\^ (A(i,7r,fc) - A(t,^,fc),^-^) +/^(GMe),fc(e))A(de) 

^ ■ ^ <-/3i|G5?p-/?2(|G^yp + |G^z|2)-/33/^|G^^(e)|2A(de), 

(ii) ($(a;) - $(S),G(x - x)) > /ii|Gxp, Vtt = (x, y, z), tt = z), J = a; - x, y ^ y - y, z = 

z — z, k = k — k, h{e) = h{t, tt, fc, e) — h{t, n, k, e), 

where /32, /?3, Mi are nonnegative constants with /3i +/32 > 0, Pi+Pz > 0, /32 + A*i > 0, /^a + A^i > 0. 
Moreover, we have /?i > 0, /ii > (resp., /32 > 0, /^a > 0), when m > n (resp., m < n). 

Remark 2.1. (H2.2)-(ii)' (H2.2) (ii) results in the weaker condition: ($(a;) - $(x), G(x - x)} > 0, for all 
X, xeR". 

When $(x) = ^ £ 2.2(^2^ jr^^ P; R™)^ (H2.2)-(i) can be weaken as follows: 

(H2.3) (yl(t,^,fc) -A(i,7f,fc),7r-7f) + /^(GMe),fc(e))A(de) < -/3i|GJ|2 - /^ajG^yp, 

where /3i, /32 are nonnegative constants with /3i + /32 > 0. Moreover, we have /3i > (resp., /32 > 0), 
when m > n (resp., m < n). 

Lemma 2.1. Under the assumptions (H2.1) and (H2.2), /or any C e ^^(fi, J'i, P; M"), FBSDE ^2J$ has a 
unique adapted solution (X,, Y,,Z,, Ks)s(^[t,T] € S^(t, T; R") x S'^{t, T; R") x M'^{t, T; x ICl{t, T; R™). 

Lemma 2.2. Under the assumptions (H2.2)-(ii)' and (H2.3), for any C, G i^(r2, J^f , P; R") and the terminal 
condition $(x) = £, ^ -^^(^i -^T, R™), FBSDE \2. 1\) has a unique adapted solution {Xg, Yg, Zg-, Ks)se[t,T\ G 
52(i,T;R") x 52(t,r;R") x 7^2^^^ j^. j^mxd) ^ /C^(i,T;R™). 

For the proof, the reader can refer to Wu [T71 [H] . 

3 Regularity results for solutions of fully coupled FBSDEs with jumps 

In this section we will study some important estimates for solutions of fully coupled FBSDEs with jumps. 

3.1 Regularity results under the monotonicity condition 

First, we derive some useful estimates for the solutions under the monotonicity condition. 
Let now be given the mappings 

6 : 17 x [0, T] X R" x R X R"* X L'^{E, B{E), A; R) — > R", 
cr : n x [0, T] x R" X R X R'* x L^{E, B{E),\; R) — > R'', 
/i : X [0, T] X R" X R X R"* X R — > R", 
g : 1} X [0, T] X R" X R X R'^ X R — > R, 

and $ : X R — > R satisfying (H2.1), (H2.2), and also assume 

(H3.1) For any t g [0,T], for any {x,y,z,k) G R" x R x R'^ x L'^{E,B{E),X;R), P-a.s., 

\b{t, X, y, z,k)\ + \a{t, x, y, z, fc)| + \g{t, x, y, z, fc)| + |$(x)| < L(l + |x| + |y| + |z| + |fc|), 

and there exists a measurable function p : E ^ R+ with p^(e)X{de) < +oo such that, for any 
t e [0,T], (x,y,z, fc) G R" X R X R'' X R and e e E, 

\hit,x,y,z,k,e)\ < p(e)(l + |x| + \y\ + |z| + |fc|). 
We consider the following fully coupled FBSDE with jumps, parameterized by the initial condition 

dXl^^ = b{s,Ul'^ ,Kl''^)ds + a{s,Ul''^ ,Kl''^)dBs + J^h{s,Uli,K*/{e),e)flidsde), 
dY^'i = -g{s,Ul'i,Kl'i)ds + Zl'idBs+JEKl^HeMdsde), s€[t,T], 

where we have put li^^^ = {Xl'^ ,Y^'^ , Zl^^), and n*;i = [Xli ,yI'} , Zl^^) . 
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Proposition 3.1. Under the assumptions (H2.1), (H2.2), (H3.1), for any <t <T and any associated 
initial states ^, S L'^{n, J-t, P'^M."^), we have the following estimates, P-a.s.: 

(i) E[ sup \Xl-< - Xl-<'\' + sup - n*'?? + \Zl-< - Zl'C'l^ds 

t<s<T t<s<T 

+ /f IKl'^ie) - Kl'C\er\ide)ds \ Tt\ < C\C - Cf , 

(ii) i?[sup sup K^Cp^/f + ^|if*'C(e)|2A(de)ds| J-,]<C(l + |Cn. 

t<s<T t<s<T 

If (T, h also satisfy: 

(H3.2) for any t G [0,T], for any {x,y,z,k) e M" x K x R'^ x R, P-a.s., \a{t,x,y, z,k)\ < L(l + \x\ + 
\y\), \h{t,x,y,z,k,e)\ < p(e)(l + + \y\), 
then we can get 

(ill) E[ sup IX*''; - CP I J't] < Cd{l + ICP), P-a.s., 0<5<T~t. 

t<s<t+S 

Proof From Lemma we know there exist the unique solutions (H^''^, if*'^) G S'^(t, T; R") x S'^{t, T; M) x 
xlCl{t,T;R), and , K*'<') € S^{t,T;M.") x S^{t,T;R) x TW^^^^j^.^d) ^ /c2(t,r;R) for 

FBSDE p.ip associated with ( and C', respectively. For convenience, we define 

Al{s) l{s, Ui'i,Kl^^) - lis, Ill'<',Kl^^'), A/i(s, e) lf;^,Kl'< (e), e) - n*'i' , K*'^'(e), e), 

where I — b, a, g. A, respectively. 

Applying Ito's formula to we obtain from the Gronwall inequality, 

E[\X,\^\Tt]<C{\C-C? +E[( + [ \kr{e)\''\{de))dr\Tt]), t<s<T. (3.2) 

Jt J E 

Then, applying Ito's formula to e'^^lFsj^, taking (3 large enough, and taking into account <\?>.2\ . we get 

I T,] + E[C \%\Hr + /J iZ.l^dr + /J \k,{er\{de)dr\F,] 
< C|C - Cf + CE[]^{\%\'' + + |i',(e)|2A(de))dr| J-t], i < s < T. ^ ' ^ 

On the other hand, applying Ito's formula to {GXr,Yr), from the assumption (H2.2) we get 

(GXsX) = E[{GXtSt) \ J's] - E[J^{{AAir),{XrX,Zr)) + JE{GAh{r,e),kr{e))X{de))dr\J^s] 

2 1 x- 1 _L TPia. r"^ \nv |2, 



> E[^i,\GXt\^ I J-,] + £;[/?! /; \GXr\^dr\J^s] 

J^f33\G^kr{e)\^X{de)dr\Ts], 

(3.4) 



+£;[/J/32(|G^n|2 + \G^Zr\') I J-.] +i;;[/J/^/33|G^i^.(e)|2A(de)dr | J",], 



Therefore, (GX^, Yg) > 0, t<s<T, P-a.s. 
If /32 > 0, /33 > 0, then we get 



{GXt,Yt) = E[{GXs,Ys) I Tt]-E[J^\{AA{r),{Xr,Yr,Zr)) + Jp{GAh{r,e), kr{e))X{de))dr\Tt] 

> (3^E[J^'i\G^t? + \G^Zr\^) I J-,] +/33i5///^ \G^kr{e)\^\ide)dr \ Tt], t < s < T, P-a.s. 

(3.5) 

Therefore, noticing here m — 1, 



E[ {\YrY + \ZrY+ \Kr{e)Y X{de))dr\Tt\< G {GXt,Yt), t<s<T, ¥-'A.s. (3.6) 

Jt J E 

Then, from p.2p we can get 

E[\Xs\^\Tt]<G\C~C,'?+C{GXt,Yt). t<s<T, P-a.s. (3.7) 
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From p.3p we have 

E[\Ys\^\Tt]+E[[ + / \krie)\''\{de))dr\Tt]<C\C~C\^ + C{GXt,Yt): t<s<T, P-a.s. 

(3.8) 

Therefore, 

< C\C - CP + C\Xtm\ < C\C - + C\Xt\' + p-a.s., 
which means \Yt \ < C'lC ^ C'L P-a.s. Then, from p.7p . p.Sp . we can get 

I J-,] + I J-,] + + + |i:,(e)|2A(de))dr|J-t] 

< C|C-C'I^ t<s<T, P-a.s. 

If = 0, ^3 = 0, then from assumption (H2.2), we have /3i > 0, > 0, m = n = 1, i.e. G e M \ {0}. 
From ((3a . 

S[|XtP I J-*] + £;[^ |X,|2dr|J-t] < CGlt - ft, C > 0. 
From combined with ([XS]) . 

Iftl^ + E[j\\yr\^ + \Zr\^ + \kr{e)\''X{de))dr\Tt] < CGXt ■ Yt < C\C - Cf + ^l^^tl'- 
Therefore, 

\Ytf + E[f i\Yrf + \Zrf+f \kr{e)\'\{de))dr\Tt]<C\C-C'f- 
Jt Je 

Furthermore, from p.2p . 

I Tt] < C|C - Cf , t<s<T, p-a.s. 

Therefore, 

i?[sup < 3\C - Cf + CE[J^\Ab{r)\^dr + J^\Aa{r)\^dr + J^ f^\Ah{r,e)\^X{de)dr\J^t] 

t<s<T 

< 3|C - CP + + + + \k,.ief\ide))dr\:Ft] 

< CIC-CP, P-a.s.; 

similarly, we have 

E[ sup I Tt] < CE[\Xt\' I Tt] + CE[J^ i\Xr\' + \Yf + \Zf + \kr{efXide))dr\Tt] 

t<s<T 

< CIC-CP, P-a.s. 

In this way, we complete the proof of (i). Also, (ii) can be proved similarly by making full use of the 
monotonic assumption (H2.2). For (iii), similarly, using (H3.2), 

E[ sup \xl'i - \ :f,] 

t<s<t+S 

< 2E[\j]+'\b{r,X::'<^,Y,''<,Zi.''^,Ki.''^)\dr\^\Tt] + CE[J^+'\a{r^ 
+CE[J^+' |/i(r, Xl^i Y^L^, Zl'<^, if ef X{de)dr\Ft] 

< C6E[J^+\l + + |y,*'C|2 + + \Kl^<:iefX(de))dr\T,] 
+CE[J^^\l + \Xt-<\^ + \Y^^^<\')dr\Tt] 

< C5E[jupJ\Xp'^\' + + + \Kl-<{er\{de))dr\T,] + CS 

t<r<t+S 

□ 
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Remark 3.1. From Provosition lS. 1[ we have, immediately, 

|i;*'^l<c(i + |ci); |y/^'^-r/'';'|<qc-C'l, P-a.s., (3.9) 

where the constant C > depends only on the Lipschitz constants of b, ct, h, g and $. 
Now we introduce the random field: 

u{t,x) = y,*'" \s=t, {t,x) e [o,T] X R", 

where F*'^ is the sohition of FBSDE with the initial state x e M". 
From Remark |3.1[ it is easy to check that, for all t G [0,T], P-a.s., 

(i) \u{t,x) -u{t,y)\ <C\x-y\, foralla:,y gR"; 

(ii) \u{t,x)\ < C(l + \x\), for all x e R". 



(3.10) 



Remark 3.2. Moreover, it is well known that, under the additional assumption that the functions 

b, cr, h, g and $ are deterministic, 
also u is a deterministic function of (t, x). 

The random field u and y*'^, {t, () £ [0, T] x L'^{n, Tt, P\ R"), are related by the following theorem. 

Theorem 3.1. Under the assumptions (H2.1), (H2.2), for any t e [0,T] and C e ^^(rj, P; R"), we 
have 

u{t,C) =Y*''^, P-a.s. 

The proof of Theorem 13.11 is similar to Theorem A.l in [S] for the decoupled FBSDE with jumps, or 
Theorem 6.1 in [1]. 

Remark 3.3. (i) From Theorem COl obviously, Y^-'^ = ' ° =u(s,X*'^). 

(ii) From now for convenience, we take p{e) = C(l A |e|), where C is a constant. 

Proposition 3.2. Under the assumptions (H.2.1), (H2.2), (H3.1), (113.2), for any p > 2, < t < T and 

the associated initial states C, C G L^'(r2, J^t, P; R"), there exists Sq > which depends on p and the Lipschitz 
constant and the linear growth constant L, such that 

(i) E[ sup sup \Y^'^Y' + \Zl'^\^ds)^- 

t<s<t+5 t<s<t+5 

+ (i;*^''Ll^i''^(e)l'W<is)i I J-*]<Cp(l + |Cn, P-a.s.; 

(ii) E[ sup - Cl^" I Tt] < CpSil + |C|P), P-a.s., < 6 < So- 

t<s<t+S 

Remark 3.4. Let us point out that, unlike FBSDEs without jumps, estimates (ii) does not hold true with 5^ 
instead of 5 at the right hand, that is, one can't get the following estimate like FBSDEs without jumps, even 
for the decoupled FBSDEs with jumps: for allp > 2, E[ sup |X*'?-C|p | Tt] < Cp(55 (1 + |C|P), P-a.s., < 

t<s<t+5 

S<So. 

Indeed, if the above estimate is true, then one can get, for all t < s < s -\- S < t -\- Sq, 
E[\Xli, ~ Xl-i\r'] < E[E[\x:f/' - Xl-i\P I Ts]] < C,<55ij[(i + \xl'<r)], 

and for ^ > 2, Kolmogorov's Continuity Criterion would imply the continuity of the jump process X*'^ which 
is impossible. 



In order to prove Proposition I3.2( we need the following lemma. 
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Lemma 3.1. Under the assumptions (H.2.1), (H2.2), (H3.1), (H3.2). For any p> 2, 

m r' ! \Kl^^{e)\^Kde)ds)i I Ft] < f^' [ \KlHe)\' Kdsde))'^ \ T,]. (3.11) 

Jt Je ^ Jt JE 

Proof. Setting f, |if*^^(e)|2A(de), we have 

mir'lE \Kl^He)\'X{de)ds)i \ T,] = E[iJ^'+' f^ds)^ \ T,] = f /.dr)f -^rfs | T^] 

= mit IeHI: frdr)^-' ■ \KlHe)\'}Hde)ds \ T,] 
= mit^' IeHI: frdr)^-' ■ \Kl^He)\'}Kdsde) \ T,] 
< mar' lE\K's'^i^)\'Kdsde)){J^+' frdr)i-^ \Tt] 

Therefore, we have p. lip if E[{J^'^^ |i(r*'^(e)pA((ie)ds)5 | Tt] < +oo, P-a.s. Otherwise, we approximate 
|i^''^(e)p from below by an increasing sequence if" of non-negative predictable functions over il, x [0,T] x E 
such that E[{J*~^^ |if"(e)pA(rfe)ds)5 | J^j] < +oo, n > 1. Then, with the same arguments as above we 
have ^ ^ ^ ^ 

E[{ r I \K:{e)?Kde)dsY^ \ Ft] < E[{ f \K-{e)\'f^{dsde))i \ Ft], n > 1, 

Jt Je ^ Jt Je 

and taking the limit as n — > +C)o by using the monotone convergence theorem, we obtain p. lip . 

□ 

Now we give the proof of Proposition [ 



Proof. Without loss of generality, we restrict ourselves to the proof for p = 2k, k G Z+. 

From the Remarks O and [Sj we have |y,*'«| = 1^'''^='''^ | < C(l + iXj'^l), P-a.s. 
Since 

y/''^ = y/'C + /" gir,X'/,Y^'-''^,Zl''^,K'/)dr ~ f Zl'^^dBr-f f Kl.He)fi{drde), t < s < t + S, 
Jt Jt Jt Je 

we get from Burkholder-Davis-Gundy inequality and p. lip . 

E[{J^+'\Zl'C\^ds)^\Ft]+E[{J^+'j\KlHe)\^X{de)dsr^\Ft] 

< \Zl-^\'ds)i I Tt] + C,E[iJ^+^J^ \KlHe)\'t^{dsde))i \ Tt] 

< CpE[ sup \J;Zl''^dBr+J;J^Kl'He)^iidsde)\P\^t] 

t<s<t+S 

< C,E[ 'sup |y,*'C|P -I- \gis,Xl^i,Y^^''^,Zl^C^Kl''^)\dsy \ Tt] 

t<s<t+S 

< C,E[ 'sup I Tt] + C,E[iJ^+\l + |X*^C| + + |Z*'C| + \Kl'He)\il A \e\)X{de))dsr \ ^t] 

t<s<t+S 

< CpE[ sup \Y^*''^\P \ Tt]+CpSP + CpE[ sup \XI'<\p + sup \Y*^'^\p \ Tt]SP 

t<s<t+S t<s<t+3 t<s<t+5 

+CpE]iJ^+'\Zl'C\^dsr. \Tt]S^ +CpE[{J^'^^ 
= Cp6P + CpSPE[ sup \Xl-i\P \Tt] + {Cp + Cp6P)E[ sup \Y^'-^\p \ Tt] 

t<s<t+S t<s<t+5 

+CpSiE[{J^+' rzfC|2d,)f I ^t] + CpS^E[id^ \KlHerX{de)dsr^ \ Tt]. 

E 

Choosing Sq > 0, such that 1 — CpS^ > 0, we get, for any < S < Sq, 

< CpSP + Cp5PE[ sup \Xl''^\P\Tt] + {Cp + Cp5P)E[ sup \Y*^i\P \ J^t]- ^^'^^f 

t<s<t+S t<s<t+S 
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On the other hand, from Remark 13.31 and (|3.10p . for t < s <T, 
E[sup \Xpi~(:\P\Tt] 

t<r<s 

< CpE[{J^' |6{r,X;.C,y,*.C,^«,i^U)|d^)P | j-^] + Z^'?, K*.C)|2dr)i | Tt] 
+CpE[{j; Jj^\h{r,Xl'^XL^:Zl'C,Kl'He),e)\^fi{drde)y^ \ Tt] 

< C,E[{j;{l + - CI + Id + l^*'^l + Ie \K'He)\Hde))dry I J-,] 
+C,i?[(//(l + |X;-C| + |i;*-C|)2d^)l I J-,] 

+CpE[{J^' J^\h{r,Xl-iX-^,Zl''^,K'He),e)\'fi{drde)y^ \ Tt] 

< C,{1 + mis - t)i + C,{s ~ tY^E[{j: \Zl^^\^drY^ + (// \Kl-^{e)\'X{de)drY \ H 
+CpE[j; - ClPdr I J-i] + \h{r,Xl-iY:L^,Z'^^i,K',-He),e)\^fi{drde)Y \ ^t], 

(3.13) 

where 

E[{j; J \h{r, X'^Xl^, , if e)\^fi{drde)Y l^t] 

< mir LCil A |e|2)(l + \X'4\ + \Y:L^\r„{drde)Y\Tt] 

< C,i?[(/;+^^(l A |e|2)(l + |x;f |2 + |i;*i|2)^(d^de))f IJ-*] 

< C,E[{J^'+' J^{1 A |en(l + \Xl^^ CP + \C\'Mdrde)Y\T,] 

< C,£;[(/;+'/^(l A \e\'Mdrde)Y\T,]{l + m + C,E[{J^^' J^{1 A le^X^'^ - C?^^{drde))^:Ft]. 

(3.14) 

Notice that 

rt+S 

E[i ilA\e\^)\Xl^^-C\^f,{drde)Y\Tt]<CpSE[ sup l^^'^ - Cn J"*]. (3.15) 

Jt Je t<s<t+S 

Indeed, we denote X*L^ X*f - C, Psie) := (1 A |eH|X*^q2^ p,(e) := |X*^q2^ A, := Sj^p,{e)ii{dsde). 
Then, from Young inequahty we have 

A^r~A\_^ E {Al-Al_)= E !^pr{e')^^{drde')Y-U:-!^pr{e'Mdrde')Y) 

E ^((/r7ijP.(e')/^(rf^rfe')+V(e))^-(/r/i.P.(e')M(d«de'))^)M({4,de) 



t<s<r 

P 



t<s<r (=1 
P 



E /bE( ^ )(/r/sP.(e')Md^rfe'))''-V.(e)V(W,de) 



/;/ijE( ^ )(/r/^jP.(e')Mrfr-de'))^-V.(e)V(d^de) 



1=1 

It /eV-^ ' > 1^1 IWJt JE 

Therefore, 



< Cp ft ^(1 A \emUr Ie Pr{e'Mdrde')Y + \ps{eWUdsde). 



E[\ Ps{e)p{dsdeY'\J't]<CpE[ {lA\e\''){{ pr{e')p{drde')Y + \Ps{eW)Kde)ds\Tt]. 

Jt Je Jt JE Jt JE 

From the Gronwall inequahty, we get 

E[\ I I Ps{e)p{dsde)Y'\Tt] < CpE[ f / (1 A \ef)\ps{e)\'' X{de)ds\J't]. 

Jt JE Jt JE 



Therefore, 

E[\ f I \Xl^^-(:\\lA\e\^Mdsde)nFt]<CpE[l\xli~C?''ds\Ft]<Cp{T-t)E[s l^ff - CP^I-^t]- 

Jt JE Jt t<s<r 

Similarly, E[\ J[ /^(l A {el"^) p{dsde)\i \Tt] < Cp{r - t). Thus, from (IXTl) we have 

E[{j;j^\h{r,Xl'^X-^,Zt^i,Kt^i,eYp{drde)Y \ Tt] < Cp6Y + m + CpSE[ sup \Xl'< - Cl^ ^t]- 

t<r<s 

(3.16) 
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Consequently, from (|3.13l) . 

E[ sup \Xl.-< - \ Tt] < CpS{l + m + CpSE[ sup \X'/ - Cl^l J't] 

t<r<t+S t<r<t+5 

+C,6^E[{J^+' |Z*.C|2rf;)f + |if*.C(e)|2A(de)dr)5 | T,], P-a.s. 

(3.17) 

Choosing 5i > 0, such that 1 — Cp6i > 0, for any < J < ^i, we have 



E[ sup \X'/ - \ Tt] 

t<r<t+S 

< Cp5\l + \C\n + Cp5^E[iJ^^'\Z^/\^drr^ + {J^^'j^\Ki.'He)^^ P-a.s. 
Then, from (151^ . (IXT^ and < C(l + we have 

< Cp5P(i + |ci'') + Cp5?' + Cp + (Cp + Cp(5P)i;[ sup \xl^': ~ c\p \ Ft] 

t<s<t+5 

< CpS'P + Cp + Cpd{l + \c\p) 

+ {Cp + CpSP)Cp6HE[{j; I J-,] + E[{J^+' |if*^C(e)|2A(de)d.)5 | J",]), 

and takmg < Sq < min(5o, ^i) such that 1 — {Cp + CpSq)CpSq > 0, we have for all < S < Sq, 

rt+S ft+S p 

E[{ / \Zl'^?ds)i I Ft] +E[{ / |X*'«(e)pA(de)ds)§ | Ft] < Cp{l + KD, P-a.s. 

Jt Jt Je 

From ([3J8)) . we get 

i;[ sup - Cl" I ^t] < CpS{l + Id"), p-a.s., < <5 < Jo- 

t<s<t+(5 

Hence, finally, from < C(l iXl^'^l), we have 

E[ sup I Ft] < Cp{l + icr), P-a.s., 0<5<do. 

t<s<t+5 



(3.18) 



□ 



3.2 Well-posedness and regularity results of fully coupled FBSDEs with jumps 
on the small time interval 

In this subsection, we first prove that the fully coupled FBSDEs with jumps have a unique solution on a 
small time interval, if the Lipschitz coefficients of a, h with respect to z, k are sufficiently small. Then, 
under these assumptions, we prove some regularity results for the solutions of fully coupled FBSDEs with 
jumps. 

Theorem 3.2. We suppose the assumptions (H2.1), (H3.1), (H3.3) hold true, where assumption (H3.3) 
is the following: 

(H3.3) The Lipschitz constant >0 of a with respect to z, k is sufficiently small, i.e., there exists some 
Lg. > small enough such that, for all t G [0, T], xi,X2 ^ M", J/i, Z/2 G zi, Z2 G M.'^, ^1,^2 G 

\a{t,xi,yi,zi,ki) - a{t,x2,y2, Z2, ^2)! < K{\xi - X2 \ + \yi - y2\) + L„[\zi - Z2I + |fci - ^21)- 

Also the Lipschitz coefficient Lh{-) of h with respect to z, k is sufficiently small, i.e., there exists a 
function Lh ■ E ^ with Ch ■— max(sup L^j(e), Jg L^(e)A(de)) < -|-oo sufficiently small, and for all 

e<£E 

t G [0,r], 0:1,2:2 e M", yi,y2 e M, zi,Z2 e K^, ki,k2 e M, e^E, 

\h{t,xi,yi,zi,ki,e) ~ h{t,X2,y2,Z2, fc2,e)| < p{e){\xi - X2\ + \yi - 2/2I) + i/i(e)(|zi - Z2I + |fci - k2\). 



10 



Then, there exists a constant (Sq > only depending on the Lipschitz constants K and L„, Ch, such that, 
for every Q < 5 < 5q, and C, G L^(n, J"f , P; M"), FBSDE 1^3. 1\) has a unique solution (11*'^, t+^j on 

the time interval [t, t + S\. 

Proof. It is easy to see, for any v = ((y, z),k) G 7W^(t, T; M^+'') x i4r|(t, T; M), there exists a unique solution 
V = ((y, Z), K) G M^it, T: Mi+'^) x T; M) to the foUowing decoupled FBSDE with jumps: 

dXs = b{s,Xs,ys,Zs,ks)ds + (T{s,Xs,ys:Zs,ks)dBs + ^^h{s,Xs-,ys~,Zs,ks{e),e)jl{dsde), 
dYs = ~g{s,Xs,Ys,Zs,Ks)ds + ZsdBs + SEKs{e)fi{dsde), se[t,T], 

Yt = $(Xt). 

We will prove that there exists a constant 6o > 0, only depending on the Lipschitz constants K, and 
Lh{-) such that for every < 5 < the following mapping 

I ■.M^it,t + S; X Kl{t, t + S;R) ^ M^it, t + S; M^+'*) x Kl{t, t + S;R) 

is a contraction. Let v^ = {{y^,Zi),ki) G M^it,t + 6;R^+'^) x Kl{t,t + 6;R), and = /(w^), i = 1,2. We 
define i) = ((yi - y2, zi - 02), fci - fca), and f = ((Yi - Fa, - ^2), i^i - ^^2), X = - X2. Then, by the 
usual techniques and the Gronwall inequality, we get 

E[ sup 

t<s<T 

< CE[j^ \Vs?ds\Ft] + CUT -t) + Ll+J^ Ll{e)\{de) + sup (e))£;[/f + |fc,(e)|2A(de))ds| J-^] 

< C{T - t)E[ sup J-^] + C{{T - t) + Ll + Ch)E[J^ {\z,\-' + \Ue)\-'X{de))ds\Tt]. 

t<s<T 



(3.20) 



On the other hand, by using BSDE standard estimate, combined with p. 201) . we get 

E[ sup + \Z,\^ds + \k.sie)\^Xide)ds] 

t<s<T 

< CEmx),) - ^(XDp] + CE[j:[ |g(r,Xi, V;i) - .g(r,X2,K')|2dr] 



< C{T - sup + C((T - i) + + (I^.P + |fc.(e)|2A(de))ds] 

t<s<T 

< C({T~t)+Ll + Ch){E[ sup + / |fc,(e)|2A(de))ds]). 

t<s<T 

As La, Ch are sufficiently small, there exists (5o > such that C6q + CL^ + CC^, < i, and therefore, for any 
< 5 < (5q, we have 



£;[ sup Itl^ + l^sprfs + /; |7f,(e)pA(de)ds] 

t<s<t+5 



- (3.21) 

<\{E[ sup |y.p + /;+^|£,|2ds + /f /^|fc,(e)|2A(de)d.]), 



which means, for any Q < 5 < So this mapping / has a unique fixed point I{V) = V, i.e., FBSDE p.ip has 
a unique solution (A*'«, ir*.0.6[t,t+5i := (A*^«, F,*-? , Z*'?, if'-O^eit^j+^j on [t,t + 5]. 

□ 

Remark 3.5. /n fact, from the proof we see that L^, Ch > such that CL^ + CCh < 1 is sufficient for 
Proposition [ 



Next we will prove a comparison theorem for the following fully coupled FBSDE with jumps: 

dXs - b{s,Xs,Ys,Z,)ds + a{s,Xs,Ys,Z,)dB,+ j^h{s,Xs-,Y,^, Zs,e)fi{dsde), 

dYs = -9{s, Xs, Ys, Zs,Ks)ds + ZsdB^ + Ks{e)fL(dsde), s^[t,t + 5], ^2) 

At — C,, 

Yt+s = '^{Xt+s). 
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Theorem 3.3. (Generalized Comparison Theorem) We suppose that the assumptions (ii2.1), (H3.1), (H3.3) 
are satisfied. Let Sq > be a constant, only depending on the Lipschitz constants K , Lu and Lh{-), such that 
for every < S < So and C e L^in, Tt, P; M"), FBSDE i TOg)) has a unique solution {Xl,Y^\Zl, Kl),(,it,t+S] 
associated with {h,a,g,C,,<^i) on the time interval [t,t-\-5\, respectively. Then, if for any < (5 < (5o it holds 
^i[X^t+5) > 1'2(^«%), P-a.s. (resp., <^i{X}^s) > ^2(Xi+5), P-a.s.), we also get Y,^ > P-a.s. 

The proof is similar to that of Theorem 4.1 in Wu [TS]; we sketch it. For notational simphfication, we 
assume d = n = l. 



Proof. We define {X,Y,Z,k) := {X^ -X^, Y^ - Y^,Z^ - Z'^,K^ - K^). Then {X,Y,Z,k) satisfies the 
fohowing FBSDE: 

f dXs = (blX, + bit + blZ,)ds + {alX, + a% + + S^^hlX,^ + hlY,^ + hlZ,)fL{dsde), 



dY, 
I Yt+s 



where 



-{glXs + glYs + glZ, + g\ i^,(e)?(e)A(de))ds + Z,dB, + K,{e)fL{dsde), 
0, 

^Xt+s + ^i{X^+,)-<^2{X^+,), 



(3.23) 



11 = 



Xt+s ^ 0, 
otherwise; 

, ^; ^ 0, 

otherwise; 



;3 _ 



zl-z'i 



0, 



, X, ^ 0, 
otherwise; 

otherwise; 



where /(•) = fe(-), (t(-), h{-,e), respectively, when I 
become Xl_ , X^_ , , Y^_ , respectively, and 



— h, in the above representation, X^, X^, Y]-, Y^ 



^1 




0, 




g{s.X^.Y^,Z^,K^) 


-g(s.X^,Y^,Z^,K^) 






0, 




g{s,X^,Y^,Z^,Kl) 


-g{s.X^,Y^,Z^,K^) 


Kl(e)lie)\(de) 


-Sj,Kl(e)l(e)X{de) 



0, 



otherwise; [0, 

, ^ 0, 

otherwise; 

, S^ks{e)l{e)\{de)^Q, 
otherwise. 



g(s,X^ ,Y} ,Zl ,Kl)-g(s,X^ ,Ys <Zl ,Kl) 
Y}-Y'^ 



otherwise; 



It's easy to check that p.23p satisfies ('H2.1). (H3.1), (H3.3). Therefore, from Proposition l3.21 there exists 
a constant < (5i < 5o, such that for every Q < 5 < 5i, (I3.23P has a unique solution {X, Y, Z, K) on [t, t + S\. 
Now we want to prove Yt > 0. For this, we introduce the dual FBSDE with jumps 

dPs - {g^Ps - blQs - <jIMs - hlNs)ds + [glPs - b^Qs - a^Ms - hlNs)dBs + giPs-l{e)Ji{d.sde), 
dQs = {glPs - b\Qs - alMs ~ hlN,)ds + M^dB, + Ns-ie)Jlidsde), 
Pt = 1, 
Qt+s = -'i'Pt+s- 

(3.24) 

Notice that also (|3.24[) satisfies (H2.1), (H3.1), (H3.3). Consequently, due to Theorem 13. 2[ there exists a 
constant < 82 < Si, such that for every < i5 < i52, l|3.24p has a unique solution (P, Q, M, N) on [t, t + S]. 
Applying Ito's formula to XgQs + YgPs, we deduce from the equations (|3.23|1 and (|3.24p . 

Yt = E[{^i{Xls) - ^2{Xl^,))Pt^8\Tt\. 

Since ^\{Xl^^ > ^2{Xf^g), P-a.s., if we can prove Pt+s > 0, P-a.s., then we get Yt > 0, P-a.s. For this we 
define the following stopping time: r = inf{s > t : Pg < 0} A {t + 6). So, t < t + S, a.s. and Pt- > 0. In the 
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first equation of (|3.24l) . the jumps of Pt are only produced by the random measure /i, from (H2.1)-(ii) and 
l>OonE, 

APr >0, Pr= Pt- + APr > 0. 

Therefore, Pt = 0, when t <t + S, and Pt > 0, when t = t + 6. Consider the following FBSDE on [r, t + S]: 

dPs = (s^P, - blQ, - alMs - hlN,)ds + (sfP, - blQ, - alM^ - h^,N,)dBs + g^Ps-KeMdsde), 
dQs = {glPs - blQs - alMs - hlNs)ds - AXdBs - Ns-Kdsde), 
Pt = 0, 
Mt+s = ~^Pt+s. 

(3.25) 

Due to Theorem 13.21 there exists < 5^ < 82 such that for every < 5 < 5^, (|3.25[) has a unique solution 
(P, Q, Ms, Ns) on [t, t + S\. Clearly, {Ps,Qs,Ms, N^) = (0, 0, 0, 0) is the unique solution of ((X^ . Let 

= /[t,r](s)M, + /(^,t+5](s)M„ TV, = I[t,T]{s)Ns + Ii^r,t+s]{s)Ns, se[t,t + S]. 

Considering that Pr — on {t < t + 6}, it's easy to show that {P,Q,M,N) is a solution of FBSDE 
p.24p . Therefore, from the uniqueness of solution of FBSDE (I3.24p on [t, t + 6], where < 6 < S3, we have 
Pt — Pt — 1 > 0. Furthermore, from the definition of t we have Pt+s > 0, P-a.s., that is, Pt+s > 0, P-a.s. 
Therefore, we have Yt^ > Y^, P-a.s. 

□ 

In order to derive some regularity results, we need the following condition: 

(H3.4) For any t e [0,T], for any {x,y,z) E M" x R x R'*, P-a.s., \h{t,x,y,z,e)\ < p{e){l + \x\ + \y\), where 
p(e) = C(lA|e|). 

Theorem 3.4. Let $ be deterministic, and suppose the assumptions (H2.1), (H3.1), (H3.3), (H3.4) 
hold true. Then, for every p > 2, there exists a sufficiently small constant S > 0, only depending on the 
Lipschitz constants K and L„, L}i{-), and some constant Cpji, only depending on p, the Lipschitz constants 
K, L„, Lh(') o,'>^d the linear growth constant L, such that for every < S < S and € {Q, J-t, P;W^) , 

(i) E[ sup |X*^qP+ sup \Ys''^\P + {J^^^ \Zl'<\^ds)i 

t<s<t+5 t<s<t+5 

+{It^' JE\Kl'He)?X{de)ds)^Tt] <Cp,Ka + \C\n, P-a.s.; 

(ii) E[ sup \Xl'i -C\P\Tt]<Cp.KS{l + \t:n, P-a-s., 

t<s<t+S 

(iii) + (/;+^ \Kl'He)\'Xide)ds)^Tt] < C,,kSHi + m, P-a.s., 

where (Xl^'^ ,Y^''^ , Zl''^ , Kl''^)s(z[t^t+5] is the solution of FBSDE \3.22\) associated with {b,a,g,(,^) and with 
the time horizon t + 5. 

Proof. Without loss of generality, we restrict ourselves to the proof for p ~ 2k, k G Z+. 

Due to Theorem 13. 2[ there exists a constant (5o > depending on K, L^, Ct, such that for every 
< (5 < (5o, p.22p has a unique solution on [t,t -f 5], i.e., 

pt + & pt + 5 pt + 5 n 

Y's'^ = ^{Xl:^,)+ g{r,X'/,Y,'^i,Z'/,K'/)dr- Z'/dBr - Kl'^{e)fi{drde). (3.26) 

Js Js Js JE 

Set 1"^*^^ — Y*''^ — ^(C). For any /3 > 0, by applying Ito's formula to e''''|Fg*'^p, taking /3 large enough, using 
BSDE standard methods, and by considering that |g(r, C, $(C)i 0, 0)| < C(l -I- |C|), we get 

|y/-«p + ii;[/;+^(|f;*.Cp + \Zl:C\' + \Kl^He)\'Hde))dr\Ts] 
< CE[ sup \Xp< ^C\^\J^s] + Cit + d-s){l + \C\^), F-a.s., (3-27) 

s<r<t+S 
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where C only depends on K and L. Therefore, from p.26p and (|3.27p and Burkholder-Davis-Gundy inequal- 
ity, 

E[ sup \Y^-<\''\Tt]<CE[ sup |X;'«-CP|-Ft] + C(5(l + |Cn, P-a.s. (3.28) 

t<s<t+S t<r<t+S 

On the other hand, from (|3.27p 

< CE[ sup \X'/ - C\^\Ts] + C6{1 + ICn, P-a.s, t<s<t + d. (3.29) 

t<r<t+S 

Whenp > 2, we define = sup IX^-? - e ^^(fi, J't+a, P; R"). Then M,, E[t]\Ts],s G [t,i + (5], is a 

t<r<t+S 

martingale, and from Doob's martingale inequality we have 

E[ sup \Ms\^Tt]<CpE[\Mt+5\^\Tt]<CpE[7ji\Tt]^CpE[ sup \X','^ - C\P\Tt], P-a.s. (3.30) 

t<s<t+S t<r<t+5 

Therefore, from and (P^UI 

sup <Cpi?[ sup |x;'^-Cn-Ft] + Cp,5fi(l + |Cr), P-a.s. (3.31) 

t<s<t+S t<r<t+S 

Now we consider 

pt+5 pt+5 pt+5 p 

n*'^-*(C) = *(^,+S)-*(C)+ / g{r,Xl'^X-^.Z'/.K'/)dr- Z'/dB^- K'/{e)fi{dsde). 

Js Js Js Je 

From Burkholder-Davis-Gundy inequality and p. lip . p.3ip . 

£;[(/;+' \Zl'i\^ds)^\J^t]+E[iJ^'+'j mHe)\'Xide)ds)^\T,] 

< £;[(/;+' \Zl'^\^ds)^^t] + C,i?[(/;+^^ \Kl'C(e)\'^idsde))^Tt] 

< CpE[ sup I // Z^'^dBr + Je K'i{e)fi{dsde)\P\Tt\ 

t<s<t+S 



< CpE[ sup \t*'<\P + ij;+'\gis,Xl'<,Y,^'<,Zl'<,Kl^()\dsm] 

t<s<t+5 

= CpE[ sup \Yl^P\Tt] + CpE[{jl+'\g{s,Xl'<^X^^,Zl^^,Kl^^)-g{sXMOM 

t<s<t+5 



(3.32) 



< {Cp + Cp5r>)E[ sup K^^-Cn J-,] +Cp<55(l + |Cn + Cp<5f £;[(/;+' 

t<s<t-|-i5 

+Cp5'^E[{jl+'~j~\Kl-^{e)\^\{de)d.sY^\Tt]. 

E 

By choosing < < (5o such that 1 — Cp6^ > 0, we get, for any < S < 5i, P-a.s., 

i?[(/;+* \Zl^<\'ds)^T,]+E[iJ^+'jE \Kl^He)\'X{de)ds)^T,] 

< {Cp + CpdP)E[ sup \Xl'< - Cl^l-^t] + CpS^^ + |C|P). (3.33) 

t<s<T 

Therefore, from the second line and the latter estimate of p.32p we know 

E[{J^^' |Z*-Cpds)5|^,] +i?[(/;+'/^ \Kl-He)?f^{dsde)^T,] 

< (Cp + Cp6P)E[ sup - Cll-Ft] + CpSiil + \C\P), P-a.s. (3-34) 

t<s<T 

Similarly, equation p.22p and the estimates p.3ip . p.33p . p. 341) yield 

E[ sup |x,*-«-cn^t] 

t<r<t+(5 

< CpE[iJ^+' 6(r, , Zt''^)dr)P\Tt] + CpE[iJ^+' \a{r, X^-? , F,*'? , Z^-^pdr)! | J^^] 

|/^(^' Zp<. e)\'^^idrde) § | J",] (3 35) 

< CpE[ij^+'{i + - CI + Id + K'''^ - 'i>(C)l + K'<\)dry\Tt] 

+CpE[{J^+'il + \Xl^i CP + ICP + \Yr'-^ - + Ll\Zt^<\^)dr)i\T,] 

+CpE[{J^^' Je \h{r, r/i, e)| V(dr-de))i I J-*], 
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where 

mir' Ie ^ri Yr'-^, e)|V(rfrrfe))5 1 J-t] 

< C(l A |ep)(l + |X,*L^| + \Y:L^\r^{drde))^Tt] 

< A + |2 + |i;*i|2)^(drde))f IJ-,] 

< mir' Ie Cpil A \em + \Xl'^ - + {Y^L^ <i>(C)P + ^^^(drde)) f \Tt] 

< ^[(/r' /i. Cp(l ^ |enM(drde))5 1 + K^) + C,E[iJ^+' /^(l A |e|2)|x;f - ^,idrde))^T,] 
+C,i?[(/;+'/^(l A |en|f;i|V(rfrde))5|J-,] 

< Cpdil + \C\n + CpdE[ sup |X*L^ - Cn^t] + Cp5i?[ sup 

t<s<t+S t<s<t+S 

(3.36) 

where we have used that 

E[i[^ [ ilA\ef)\Y^L^\''f,{drde))^\Tt]<CpdE[ sup |n*''^nJ't]. (3.37) 

Jt JE t<s<t+S 

Indeed, we denote 73(e) := (1 A |e|2)|y;*'C|2, ^^(e) |y;*''^p, -.^ J^^^ Jj^-fs{e)n{dsde). Similarly to (IXTKll 
in the proof of Proposition 13.21 we can prove that p.37p . 
In the same way, we have 

E[\ f I |X*f-CP(lA|ep)^(dsde)|i|J-,]<Cp(r-t)i?[sup \Xl^^ - C^Tt], 

Jt Je t<s<r 

E[\ I I {l^\e\'')^i{dsde)\i\Tt]<Cp{r-t). 
Jt Je 



and 



From (I3.35p . we have 



E[ sup \Xl'<~C\'m < Cp(l + |Cn<5 + Cp(5f +LP)£;[(/;+'|Z*.f|2dr)i|J-t] 

t<r<t+S 

+CpSE[ sup \X'/ -C\P\Tt]+CpSE[ sup |i;*.C-$(C)|P|J-t] 

t<r<t+S t<r<t+S 

From ([53T|) . (jXMl) and dSSHl), we get 



(3.38) 



E[ sup ix;.? - cn j-t] 

t<r<t+S 

< Cp6{l + \C\P) + Cp{6 + 5^ +LP+ LPSP)E[ sup l^^-^ - Cl^l-^t], P-a.s., < S < So. 

t<r<t+S 

(3.39) 

Due to Lct is sufficiently small, we choose Lcr satisfying CpLP < 1. Then there exists a constant < S2 < Si 
such that 1 - Cp{S2 + Sl + sf + £g + LPJ^) > 0, therefore we get for any < (5 < S2, P-a.s. 

E[ sup \Xl'^-Q\P\Tt]<CpS{l + m- (3.40) 

t<r<t+8 

Furthermore, from (P3T|) . ([535)1 . (jXMI) . and (jXIHl) . 

i;[ sup \Xl'^Y'+ sup \Y^'-^\P+it^\z'/\''ds)^ + if^^[ \K'/{e)\H{de)ds)i\Tt]<Cp,K{l+\C\n,P-^-S-^ 
t<s<t+s t<s<t+s Jt Jt Je 

(3.41) 

and 

E[{ / \K'/ie)\^tiidsde))^Tt]<Cp.Kil + m, P-s^-S- 

Jt Je 

Now we prove (iii). For convenience, we denote 

^a''^ ■■= It Ie Kr. Xlt Y^'l^, Z*f , e)At(drde), vl'Heh^ *(C + + Hs, Uli,e)) - <i>(C + 9^), 
V''^ ■■= // /e vt'HeMdrde), := Xj^C - n^^C := - - $((), 
i^^^e) :=i^^':(e)-77*-C(e), n*^ (X]lS F/^^ , Z*-C). 
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We know 

H'He)\ < C\hisXi,e)\ < C(l A \e\')il + \Xl'^\ + {Y^L^l). (3.42) 

And it is easy to check 

t<s<t+S 

t<s<t+S 

= /r"' /^.[*(C + + his, n*^i, e)) - $(C + 9l^^)Udsde) = J^+' ^l^e) Kdsde) . 



Therefore, 



Then, 



pt+S /• rt+S /• 

$(C + e'4s) - '^(0 - / / vl'He)X{de)ds = / / ry*^^ (e)/i(dsde). 
Jt Je Jt Je 

/•t + 5 n pt + S !• 



-'t+s 

Jt JE Js JE 

From equation p. 221) . we have 

' dx'/ = b{s,xi^': +yi''^,Y^'''^ + <^{c),zi''^)ds + a{s,xi'i + ei^^ 

+ J^h{s,Xl'^ + e'^,Y,^L^ + Y,'l^ + <f{0,Zlj,e)X{de)d.s, se[t,t + 5], 
dYt^ = -g{s,Xl^i + di^i,Y,'''^+t'^i + ^0,Zl'^,Kl'i + r,l'i)ds + Zl^idB,+J^Kl'i{eM 

Yi+'s = '^{X'^s + Kis) *(C + Olis) + ir Ie vlHe)Xide)ds. 

(3.43) 

For (X*^^,y*^^,Z*''^,i^*''^), (|X4T|) holds true, for any 6 e [0,(5]. For the backward part of equation ((Ok . 

ir^'^l <i?[|?/;'^5l + ^*^\9(r,x;^^r,^,z;''^,i^;''^)|dr I J-,], se[t,t + s]. 

From p.4ip and Doob's martingale inequality for p > 2, 

E[ sup It'^^m^t] < Cpii;[|r/4l''l-F*] + CpJii?[(/;+'|g(r,x;^c,y,*'C,z*.c,7^*^^ 

t<s<t+S 

< CpSHl + m + CpE[\Yl^<,\P\Tt]. 

(3.44) 

We need to estimate l^^/^*^!, and notice 

< C\X'4, - CI + W;He)\X{de)ds. (3.45) 

From (|OT1) and ([02|) . we get 

i-t+S P 

E[{ / / HsHe)\X{de)dsf \ Ft] < 0,6^1 + KD- (3.46) 



On the other hand, from p.4ip . we have 

E[\J^'\b{s,X'/X-^,Zl^'^)\dr\P\^t]<GpSHl + m, 

E[\ j; |a(s,X*.C,y,*^f, Zl'<)\dBr\r' I Tt] < C.SHl + m + CpLPE[iJt''' \Zl^'^\'dr)^ I J't], , 
E[iJ*^'j^\his,Xl'^,Y:L^,Zl'C,e)\X{de)dsr\Tt] ' 
< C,E[iJ^{l A |ep)A(de))P(/;+'(l + + |n*.C|)d,)P | j-,] < c.SHl + m. 

From (I3.43P and the above estimates p.47p . we know 

E[ sup \X'4, - C\P I T,] < C,6Hl + m + C,LPE[iJ^+' \Zl''^\'dr)i \ T,]. (3.43) 

t<s<t+5 ^ ' 
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From (lOl) . (lost . (lOel) and ^3A8h . 

rt+S 



£;[ sup in^^'^r I J-*] < Cp5^(l + ICr) + CpLPi?[( / \Z\:^fdT)^ \ T^l (3.49) 

t<s<t+(5 Jt 



From Burkholder-Davis-Gundy inequality and p.4ip . we have 

< G^E{ sup I // Zl^^dBr + // if *■« {e)li[dTde) |f | J-*] 

t<s<t+(5 

< G^E{ sup I j-i] + |5(r,x*^';,i;*^':,z*-<:,if*^C)|dr)f I j-t] 

t<5<t+5 ^ (3.50) 

< sup I j-t] + (1 + \xl^^\^ + + \Zl^^\^)dr)l I j-t] 

t<s<t+(5 

+C,£;[(j;*+' |if*'^(e)|(l A lel)A(de)dr)^' | T,\ 

As Lg- is sufficiently small, for CpL^ < 1, we have 

E[{ / |Z;-?|2dr)5 I Tt]+E[{ / / |if*'';(e)|V(drrfe))5 | Tt] < CpSHl + m- (3-51) 
From ([3ll|) . (jOGl) . ([33T|) and A'*''^(e) = ^*''^(e) + ?7*''^(e), we get 

m r' [ \K'/{e)\'Xide)dry^ \ Tt] < CpSHl + KD- 



□ 



Therefore, the estimate (iii) is derived. 



Remark 3.6. If the initial state = x £ M" is given, the terminal condition $ becomes ^{x), that is, 
FBSDE (MMl becomes the following 

dXs = b{s,Xs,Ys,Zs)ds + a{s,Xs,Y„Zs)dBs+ h{s, X,^,Ys-, Zs,e)fi{dsde), 

dYs = -g(s, Xs, Ys, Zs,Ks)ds + Z^dB^ + K,{e)jl(dsde), s £ [t, i + 5], 

Xt — X, 

Yt+s = Hx), 

then Theorem \3.4\ still holds. 

Indeed, from Lemma \2.'A FBSDE \3. 5S\) has a unique solution {X,Y, Z, K). We consider the following 
FBSDE: 

dXs - b{s,Xs,Ys + <^{x),Zs)ds + a{s,XsSs + Hx),Z,)dBs+ J^h{s,X,^,Ys- + ^{x),Zs,e)fi{dsde), 
dYs = -g{s,Xs,Ys + 'i>{x),Zs,Ks)ds + ZsdBs + Jj^Ks{e)fL{dsde),se[t,t + d], 
Xt = X, 

Yt+8 = 0. 

(3.53) 

From Lemma[KE we know {X,Y, Z, K) ^ {X ,Y + '^'{x), Z , K). For {X,Y ,Z,k), Theorem\^ holds, which 
means those estimates in Theorem \3.4\ still holds for {X, Y, Z, K) . 

Proposition 3.3. Suppose that {bi,ai, gi,^i), i = 1,2, all satisfy the assumptions {H2.1), (H3.1), (H3.3). 
Then from Theorem \3.3\ there exists a constant < 6q, only depending on the Lipschitz constants K, L„ and 
Lh{-), such that for < 5 < 5o, and the same initial state C G P; K"), (X*, y^?, Z*)^^^^ is the 

solution of FBSDE h3.1\) associated with {bi,ai, gi,^i) on the time interval [t,t + 6], i — 1,2. It follows that 
there exists a constant Si > 0, such that for every < 5 < 6i, 

< CE[\^i{t + S, X}^,) - $2(t + 6, X,V,)P I Tt] + C6E[f+' |(6i - b^){s, Xl,Y}, Zl,Kl)\Hs \ Ft] 
+CE[J*+' - a2){s, X},Y},ZlKl)['ds \ Tt] + C6E[l'+' {{g, - g,)is, X], F/, Zl,Kl)\^ds \ Ft] 
+CE[J^+' J^lihi - h2){s,X},Y},ZlKlie),e)\^X{de)ds \ Tt], P-a.s. 



17 



For the proof, it is similar to the proof of Proposition 6.6 in Li, Wei [6]. 
Remark 3.7. When {bi, ai, hi, fi) — (&2, cr2, /2) in Provosition lS.Sl we have 

Corollary 3.1. Under the assumptions (H2.1), (H3.1), (H3.3), there exists a constant < 5q, only 
depending on the Lipschitz constants K, L„ and Lii(-), such that for every < S < Sq, (£ L^(51, J^t, P; M") 
and e > 0, if {Xl''^ ,Y^''^ , Zl''^ , Kl''^)g^[t t+S] is the solution of FBSDE US. 1\) associated with {b,a; f,(,^), and 

(X*'^, y*'^, Z*'^, i4r*'^)sg[t 44.5] is that of FBSDE IIS.1\) associated with (6, cr, /, C, $ + s) on the time interval 
[t, t + S], then we have that 

\Y,'''^ -Y\'^\<Ce, P-a.s. 
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